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ABSTRACT 

We present an approach to membrane quantization using matrix quantum 
mechanics at large N. We show that this leads (through a simple field theory 
of two-dimensional open strings and the associated SU(oo) current algebra) 
to a 4-D dynamics of self-dual gravity plus matter. 



1 A talk given at the Argonne Duality Institute, Argonne National Laboratory, June 
27- July 12, 1996. 



The problem of quantizing relativistic membranes (and higher dimen- 
sional p-branes) is of major relevance. These objects are seen to appear as 
extended solitonic states of ten-dimensional superstring theory ^ |3], || and 
participate in the corresponding weak-strong coupling duality maps. Even 
more, the membrane is expected to play a fundamental role as the basic 
object of the 11(12) dimensional M (F) theory g §, H • 

A fruitful idea for constructing the world volume description of extended 
]?-branes is given by the notion of world sheet - target space duality || §]. 
In this, a target space field theory of lower dimensional branes is conjectured 
to give a world volume description of a higher dimensional brane. In par- 
ticular, a quantum theory of a membrane could field theory of 2-d 
strings. 

Matrix models have given certain insight into a field theory of lower di- 
mensional non-critical strings. We can then contemplate an approach to 
membrane quantization following the development of string equations and 
low dimensional string field theory. Indeed it was shown [[iOj [TTJ] that a 
quantum membrane can be represented by a matrix model corresponding 
to a dimensional reduction of an SU(N) (super) Yang-Mills theory. In the 
large N limit (N — > oo) the U(N) gauge group becomes a symmetry of 
area preserving diffeomorphisms representing a symmetry of the membrane 
Hilbert space. The nontrivial feature in the quantization of the membrane is 
connected with the treatment of this symmetry. 

In what follows, we will describe an approach to this problem. We will 
begin with the matrix model formulation and develop a continuum field the- 
ory operating in the invariant subspace. The field theory involves a current 
algebra of SU(R) type representing open string fields which appear as an 



intermediate construct [12| in this approach. The nontrivial matrix dynam- 
ics is thereby represented in terms of conformal fields. The R —>■ oo limit is 
then argued to be the theory of a membrane. In particular, we show that 
in this limit the dynamics is described by a 4-d self-dual gravitational field. 
The quantum Hamiltonian for this self-dual theory is then specified by the 
SU (oo) current algebra model. 

To begin, it is a result of Ref. [11] that a relativistic (super-) membrane 
in the light cone gauge 

X ± = X D ±X° 
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reduces to a Hamiltonian for the transverse degrees of freedom 

Xi(<7i,<7 2 ), i= 1,2,-.., D-2; e, e 1 ^,^) 
taking the form 

# = / *° \\ E ^ + ^ E {*> + ^ 7 l e} 



i=i 



with the constraint 



Kj 



D-2 



G(a 1 ,a 2 )= {Xi,Xi} +GG 

i 

representing area-preserving diffeomorphisms. The bracket 

{A,B} = e rs d r Ad s B 

corresponds to a large N limit of the matrix commutator and the correspon- 
dence with matrix notation is given through 



X l (t,a 1 ,a 2 )= lim M ab (t). 

N— »oo 



The matrix Hamiltonian 



D-2 



H = Tr [I E Mi(t) 2 + S [Mi, Mj] 2 + ^6 f [X,, 6] | 

represents a dimensionally reduced SUSY Yang-Mills theory with only a time 
dimension preserved. 

Consider in what follows the case of a 4-dimensional membrane (D — 2 = 
2), concentrating on the bosonic coordinates (we will simply comment on the 
super symmetric extension at the appropriate place). The problem that we 
have is that of a two-matrix system at N — > oo. Using ideas of collective 
field theory, we represent this in terms of conformal fields as follows: The 
nontriviality of the problem lies in the Gauss Law constraint: 



G = 



M u Mi + \I>. \I> 



0. 



Gauge symmetry 
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Mi(t) -> V + (t) Mi V(t) 
allows one to diagonalize one of the matrices, for example M^. 

M 1 {t) = Diag (\(t)), 

and then 

P 1 = M 1 ^ Pl +[VV + ,X , 

where 

p i = \ i = 1, 2, •••,7V. 
The Gauss law constraint is then solved for the angle variables giving 



Pi = Pi Sij + 



Qij 



(Aj - Xj) 



with = [M 2 , M 2 ] being the SU(N) charge of the second matrix. We now 
introduce a reduction: 

R 

Qij = H ^ti a ) ^i(a), 

a=l 

where ipi{a) represent quark degrees of freedom with a = 1, . . . , R represent- 
ing flavor indices. We expect that in the limit R — > oo the elements of the 
original matrix dynamics are recovered. The Hamiltonian problem at hand 
is then 

This is a form of the dynamical spin Calogero problem. Here the operators 



) i 



create open strings with a,b — 1, • • • , R representing the Chan-Paton factors 
of the SU(R) group. This system has a continuum representation in terms 
of a field theory of open strings (formulated in collaboration with J. Avan 
and J. Lee). The collective fields are introduced 
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N 

5 (x - \(t)) -> a+(x,t) - a-(x,t) , 

i 

. ^ (x - Aj) - Jf (x, *) - J« b (x, t)) , 

i 

giving variables of a U(l) and *9Z7 (R) affine current algebras. For the compact 
case one has x z = e lip , which corresponds to a unitary matrix U = e tM . 
The continuum Hamiltonian describing the dynamics is 



H = J dx \^ («+ + «+?V+) -«_T(J_)J 

raft yfea 

+ *E ^| + 7'(TO-TO). (i) 

Here 

T(J) = ^ (> 6 (z) J b \x)) 

is the energy-momentum tensor (of the current algebra) and W are the zero 
modes corresponding to the spin-3 W 3 generators. 

For details of the theory and a discussion of relevant symmetry properties 
of the Hamiltonian the reader should consult refs. [12]. 

We have expressed the dynamics of the matrix model in terms of a U(l) 
boson: 

[a±(x), ai±{y)\ = ±2d x 5(x- y) 
and L — R SU (R) affine currents 



J£(s),j£(y) 



f aPl Jl5(x-y)±-5^5', 



= 0, 



(2) 



representing degrees of freedom of a WZW model. Let us now consider the 
limit R — > oo and exhibit the associated continuum degrees of freedom that 
emerge. In this limit, our currents take the form 



J±(t,x) -> J±(t,x, cr u a 2 ) , 
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thereby becoming a 4- dimensional field. The scalar field a± obviously plays 
the role of a dilaton. Taking a± = ±«o, the quadratic term of the Hamil- 
tonian reads 



dx a Q ( J? + Ji 



Ho 



representing a Hamiltonian of an SU{po) er-model. We now use arguments 
due to Park []13|| to show that the four- dimensional dynamics that we have 
found is that of a self-dual gravity (the supersymmetric extension of the 
theory can be found by simply extending the current algebra). Introducing 



Jo — J+ + J-i 
Ji = J + — J_, 

one has the algebra 



ja 


Jo" 


— fa(3y Jo ) 


ja 


J( 


= fa(3~ ( J I — 3af3$ 


ja 
J l ) 


J( 


= o, 



and the equations of motion 

d t Jo + d x Ji = 0, (3) 

d t Ji-d x J + {Jo,Ji} = 0, (4) 

where we have the Poisson bracket and the four- dimensional notation. Solv- 
ing the first equation with 



J = d x Q (t,x,ax,a 2 ) , 
Ji = -d t Q (t,x,a 1 ,<j 2 ) , 

one has for the second: 

(d 2 t -dl) Q + e rs d r (d t O) d s (d x fl) = 0. 
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This equation of motion is associated 



with the (Plebanski) action 



c = Jdtdx dor da 2 Q (d t n) 2 - x - (d x n) 2 + {d t n, d x n}) . 

We now make the following observation: in the mechanism which pro- 
duces self-dual gravity, we recognize elements of non-abelian duality. That 
is done in the original works [|13[ pl| as a purely classical transformation. It 
is known that at the quantum level the correct procedure for this is as in 
Refs. [16-19]. Consequently, the Plebanski theory is only equivalent at the 
classical level and the full theory of quantized self-dual gravity is to be more 
precisely specified. 

Let us then summarize the basic features of the present theory. The 
Hamiltonian 



H = / + a J af) + cj g) + 7 W a (J) + V 

describes: 

1. a scalar field a representing a dilaton, 

2. a four-dimensional field J(x, t, ax, 02) originating from the SU (00) cur- 
rent algebra and representing a metric of 4-dimensional self-dual grav- 
ity, 

3. an additional current-current interaction which we interpreted as com- 
ing from matter (this explains the arbitrary coefficient c present). 

We have found that, starting with the light cone quantum membrane, 
a four-dimensional world volume structure arises. The precise form of 4- 
dimensional dilatonic self-dual gravity with matter is based on the non- 
abelian dualization (with the corresponding Susy extension) |20| . The quan- 
tum theory, however, is defined by the operator Hamiltonian presented in 
terms of an SU(oo) Kac-Moody algebra. This then offers a framework for 
studying the quantum spectrum. 
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